Let R be a Bezout ring (a commutative ring in which all finitely generated ideals are principal), and let M be a finitely generated R -module. We will study questions of the following sort: (A) If every localization of M can be generated by n elements, can M itself be generated by n elements? (B) If M 0 R m = R n for some m, n, is Af necessarily free? (C) If every localization of M has an element with zero annihilator, does M itself have such an element? We will answer these and related questions for various familiar classes of Bezout rings. For example, the answer to (B) is "no" for general Bezout rings but "yes" for Hermite rings (defined below). Also, a Hermite ring is an elementary divisor ring if and only if (A) has an affirmative answer for every module M.
Preliminaries.
All rings in this discussion are commutative with 1, and modules are unital. If A is an m x n matrix over R, let Ker(A) be the set of columns X E JR n for which AX = 0 and let lm(A) be the submodule of R m generated by the columns of A. The k x k identity matrix is denoted by I k9 and A τ is the transpose of A. We say the R -module Λf is "named" by the matrix A if M = Coker(A) = R m IIm(A).
We define the Fitting invariants F f (A) of an m x n matrix A as follows: Fi(A) is the ideal of R generated by the (m+l-/)x (m + 1 -0 minors of A, for 0 S / ^ m and F f (A) = R for / > m. If A names the module Af, we put F)(Λf) = Fι(A). (For a proof that this is unambiguous, consult [6, p. 146 ] for example.) The following wellknown lemma will be useful later: For Λί a finitely generated R-module, we denote by μ(R,M) the minimum number of generators required for Λf over R. Proof. It is easy to see that we may assume N = R n . For MCJ?
n ,we show that μ(R,M) ^ fcn, by induction on n, the case n = 1 being true by hypothesis. Suppose {m a } is a finite set of generators for M and set m α =(w α ,r α ), where u a ER n~\ r a ER. Let TΓ be the projection from R n onto its first n -1 coordinates; then by induction τr(M) can be generated by k(n -1) = t elements v u υ 2 , , v t . Choose SjER so that (v h Sj)GM and choose a aj so that u a =Σ j a aj v j . Then m a =Σ j a a j(v h s j ) + (O,r a -Σ j a aj s i ).
The ideal generated by the r aΣyααj S, may be generated by k elements b u b 2 ,-,b k of R. Clearly, the nk elements (i;,, s,), , (υ t9 s t ),(0, fo,), ,(0, b k ) generate M.
We remark that the proof of (1.3) works perfectly well in the noncommutative case, thus answering a question of Pierce [ 
8, §25, (1)].
A projective module M is said to have (constant) rank n provided μ(R P ,Mp) = n for every P. It is known [11] that every projective of constant rank is finitely generated. The following lemma (see, for example, the proof of [11, Proposition 1.4]) essentially reduces the study of finitely generated projectives to the case of constant rank: LEMMA 1.4. For every finitely generated projective module M there exist orthogonal idempotents e Q , , e n with sum 1, such that Me k has constant rank k as an Re k -module for all k.
It is easy to see that Re 0 (e 0 as above) is the annihilator of M. In particular, M is faithful if and only if e 0 = 0, that is, if and only if μ(R P ,M P )^0 for all P. Recall that an element m EM is unimodular provided Rm is a nonzero, free direct summand of Aί. The following result is a typical application of (1.4). The proof will be omitted. PROPOSITION 1.5. These conditions on a ring are equivalent: (i) Every finitely generated, faithful projective module has a unimodular element, (ii) Every projective module of constant rank is free, (iii) Every finitely generated projective module is a direct sum of cyclics.
A ring R is Hermite if every matrix over R is equivalent to an upper triangular matrix. If every matrix is equivalent to a diagonal matrix (α iy ) in which α« divides a i+UM9 R is an elementary divisor ring. It has recently been shown [7] that a ring is an elementary divisor ring if and only if every finitely presented module is a direct sum of cyclics. We will see later, in (3.4) , that the conditions of (1.5) also have a matrix-theoretic formulation. We will need the following wellknown characterization of projective modules in terms of Fitting invariants: 
Proof. Trivially, (i) implies (ii), and (iv) implies (iii)
. Since an n-generator projective of constant rank n is clearly free, we see that (i) implies (iv), and (ii) implies (iii). Therefore it will suffice to show that (iii) implies (v) and (v) implies (i).
Assume (iii) holds. In order to prove that R is an elementary divisor ring it will suffice, by the proof of [7, Theorem 3.8] ,v k , Mi, ,w π generate Rp. Let K(P) be the sub-module of K generated by the υ h and set N(P) = R k IK(P). Then N(P) is finitely presented, and μ(R P ,N(P) P )^n.
By [2, Hilfsatz 2] there is a neighborhood U(P) of P (in the Zariski topology on spec(!?)) such that μ(R Q ,N(P) Q )
^ n for all Q E t/(P). Now administer the same treatment to every prime P, let t/(Pi), ,[/(P n ) cover spec(lϊ), and set
We remark that there may be primes P for which μ(R P ,N P )> μ(R P ,M P ), even though the same bound n suffices. In fact, the following proposition tells exactly when N can be chosen so that μ(R P ,Np) = μ(Rp,M P ) for all P. [12] . As in the proof of (2.2), choose a surjection φ: R k -»-»M, and fix a prime P, say P E U n . Choose u h v } as in the proof of (2.2) and define K(P), N(P) and U{P) as before. The proof is completed by replacing U(P) by U(P) Π t/ π , and then using compactness of spec(Λ) relative to the patch topology. Proof. Since the annihilator of a projective principal ideal is generated by an idempotent, every projective ideal of JR is free. In particular, projective ideals are finitely generated. By [11], every finitely generated flat module is projective. Let P be any minimal prime of R. Since every localization of R is a valuation domain, we see that RIP is flat. Hence P = 0 as desired.
3.
Stably free modules. We turn now to a very special class of constant rank projectives, the stably free modules. Using (1.1) we see that a module M satisfies Λί φ JR m = R n if and only if Aί = ker A for some mxn matrix A with Fι(A) -(l). We want a matrixtheoretic condition for a stably free module to be free. This criterion is well-known in case m = 1. The proof of the general case is rather straightforward, and will be omitted. Suppose [φiφ 2 φs\ is the first row of an invertible matrix over R. Then there is a matrix A over C(βX) with first row [Φ1Φ2Φ3] such that δ is a unit, where δ = det A. Now it is well-known that for each n, there is a point x n E X n for which δ(x π ) = 0. (To see this, let [a u α 2 , <*i] be the second row of A. If δ(jc)/O for all x EX n , then the vector (a ι (x) 9 a 2 (x),a 3 (x) ) would be linearly independent of the vector (φi(x), φ 2 (x), φ?>{x)) for each x. Since the latter vector is normal to the tangent plane of X n at JC, the projection of (aι(x),a 2 (x),a 3 (x) ) would define a nonvanishing tangent vector field on X n .) By compactness, the closure of the set {x n } in βX must contain a point p in βX -X. Then δ(p) = δ(p) = 0, contradicting the assumption that δ is a unit.
As another application of (3.1) we give a matrix-theoretic characterization of those rings whose projectives of constant rank are free. 
Basic elements. Following Swan [9]
, we say an element m in a finitely generated module M is basic at a prime P, provided
Equivalently, m/1 is part of a minimal generating set for M P . The element m is said to be basic in M provided it is basic at every prime P of R. One can ask the following question, by analogy with the considerations of the preceding two sections: If M is a finitely generated module over a Bezout ring and Mp?έ 0 for all P, does M have a basic element? It is not hard to see that the answer is "yes" for Bezout domains. (In fact, in this case M will have a unimodular element.) In general, however, the answer is "no", even for Boolean rings! For a subset A of the ring R we let D{A) be the (open) subset of specCR) consisting of those primes not containing A. If α is an element of R (or of an R -module M) we let a(P) denote the canonical image of a in R P (or in M P ). Let Z(a) = {P G spec(l?)|α(P) = 0} = D(0: a). Finally, a point x in a topological space is said to be an n-point (n a positive integer) provided x is in the closure of each of n pairwise disjoint open sets.
Our main results on basic elements-will be for (von Neumann) regular rings. In this context, the condition M P y^ 0 for all P (M finitely generated) simply says that M is faithful. (Indeed, this is true over any reduced ring.) Also, since every localization of a regular ring is a field, an element m G M is basic at P if and only if m (P) ^ 0. One can easily produce Boolean rings whose spectra contain 3-points. In fact, Pierce [8, Lemma 21.5] has shown that every infinite Boolean ring has a homomorphic image whose spectrum has a 3-point. It follows that every infinite Boolean ring has a 2-generator module M such that the annihilator of each element of M is strictly larger than the annihilator of M.
It is unknown to the authors whether the converse of (4.2) holds in any regular ring. There seems to be no way of extending the proof given above for Boolean rings. For example, if none of the residue fields of R has characteristic 2, then a x -a 2 is a basic element of M.
Can "two-generator" be replaced by "finitely-generated" in (4.2)? This seems plausible, but, again, no straight-forward extension of the method of proof of (4.2) seems to work.
A module M over a regular ring is a generator of the category of R -modules if and only if M has a unimodular element, [13, 4.2] . Carl Faith has asked whether being a generator is a local property for finitely generated modules. The next theorem gives a negative answer. 
